We extend the formulation of the spin wave theory for the Kondo lattice model, which was mainly used for the ferromagnetic metallic state, to general magnetic orders including complex noncollinear and noncoplanar orders. The 1/S expansion is reformulated in the matrix form depending on the size of the magnetic unit cell. The noncollinearity and noncoplanarity of the localized moments are properly taken into account by the matrix elements of the para-unitary matrix used in the diagonalization of the Bogoliubov-de Gennes type Hamiltonian for magnons. We apply the formulation within the linear spin wave approximation to a typical noncollinear case, the 120
Introduction
The Kondo lattice model is one of the fundamental models to describe the strongly correlated eletron systems in which conduction electrons and localized spins interact with each other. For instance, the model with classical localized moments and the ferromagnetic spin-charge coupling (Hund's-rule coupling) was intensively studied for perovskite manganese oxides. The magneto-transport properties in experiments were well explained by the model, such as the transition to a ferromagnetic metallic state and the colossal magnetoresistance [1] [2] [3] [4] [5] [6] [7] [8] . The spin excitation spectrum was also studied by the spin wave approximation, and the results were in good agreement with the neutron inelastic scattering experiments [9] . In this class of spin-charge coupled systems, quantum spin fluctuations appear in a different form compared to those in localized spin systems, as the quantum effects are brought about through the coupling to conduction electrons. In fact, they lead to various nontrivial effects, such as a finite lifetime of magnon excitation even at T = 0 appearing in higher-order corrections in the 1/S expansion (S is the length of spin) [10, 11] . An "order from disorder" phenomenon was also found in the presence of the antiferromagnetic superexchange interaction between localized spins [11] .
Recently, the Kondo lattice model has attracted renewed interest, since it gives rise to topologically nontrivial phases with noncoplanar magnetic orders [12] [13] [14] [15] [16] [17] . For instance, at 1/4 and 3/4 fillings of the Kondo lattice model on a triangular lattice, Chern insulating phases are stabilized with four-sublattice noncoplanar magnetic order [14, 15] . The scalar chiral order in these phases affects the kinetic motion of itinerant electrons through the spin Berry phase, and gives rise to many fascinating transport phenomena, such as the topological Hall effect and the chiral edge current. The authors recently studied the effect of quantum spin fluctuations on the Chern insulating phases [18] . The spin wave formulation for the ferromagnetic case was extended to the noncoplanar ordering. The extension is not limited to the foursublattice case but widely applicable to general noncollinear and noncoplanar orders. The details of the extended framework, however, were not shown in the previous study. It is also desired to show other applications for demonstrating the extended method.
In this contribution, we provide the details of the spin wave formulation for general magnetic orders in the Kondo lattice model. In contrast to the simple ferromagnetic case, the magnon Green function is formulated in the matrix form, including the anomalous part. Accordingly, the diagonalization of the magnon self-energy leads to the mixing of magnon creation and annihilation operators, resulting in the reduction of ordered magnetic moments. We apply this extended method within the linear spin wave approximation to the 120 • Néel order on a triangular lattice at half filling. As a result, we find that the magnon excitation spectrum exhibits softening at J H ≃ 2.9, which indicates an instability toward a different ordered state for smaller J H . On the other hand, in the limit of J H → ∞, the spectrum form approaches that for the antiferromagnetic Heisenberg model with the effective exchange interaction ∼ t 2 /J H . We find that the reduction of the ordered moment is smaller than that for the Heisenberg model, except in the vicinity of the softening.
Model and Method
We consider a simple Kondo lattice model in which conduction electrons interact with localized spins via the ferromagnetic Hund's-rule coupling. The Hamiltonian is given by † iαs σ ss ′ c iαs ′ ,
where c † iαs (c iαs ) is a creation (annihilation) operator for a conduction electron with spin s at site (i, α). Here, we consider a general magnetic order in which the magnetic unit cell contains n sub sites; α is the index for the sublattice (α = 1, 2, · · · , n sub ) and i is the index for the unit cell. t is the transfer integral and J H (> 0) is the Hund's-rule coupling (the sign of J H does not change the results within the linear spin wave approximation), σ ss ′ = (σ x ss ′ , σ y ss ′ , σ z ss ′ ) is a vector representation of Pauli matrices, and S iα denotes a localized spin at site (i, α) (S is the magnitude of the spin). The sum iα, i ′ α ′ is taken over the nearest-neighbor sites on the triangular lattice. Hereafter, we take t = 1 as an energy unit, the lattice constant a = 1, and the Planck constant divided by 2π, = 1.
In the spin wave calculations, we choose the spin quantization axis of itinerant electrons parallel to that for the ordered moments at each site. We define the ordered magnetic moments as S iα = S(sin θ α cos φ α , sin θ α sin φ α , cos θ α ) at each sublattice. We denote the electron spin state parallel (antiparallel) to the localized moment as |+ α (|− α ):
where |↑ = c † iα↑ |0 and |↓ = c † iα↓ |0 [|0 is the empty state at (i, α)]. In this local frame, the Hamiltonian in Eq. (1) is written as
wherec iαs (c † iαs ) is the operator to annihilate (create) an electron in the states defined in Eq. (2), and S iα = (0, 0, S).
In order to consider the effect of quantum fluctuations of localized moments in the spin wave approximation, we apply the Holstein-Primakoff transformation in the lowest order of 1/S,
to the Hamiltonian in Eq. (3). Here, a † iα (a iα ) is the magnon creation (annihilation) operator at site (i, α). Then, we divide the transformed Hamiltonian into two parts, H = H 0 + H ′ :
Here, H 0 describes the interaction between itinerant electrons and static ordered moments, and H ′ denotes the interaction between electrons and magnons, which is composed of the higher order terms in 1/S. Note that H 0 corresponds to the saddle point Hamiltonian in the variational study [15] , and we consider the quantum corrections from H ′ systematically below. We here perform a perturbation expansion in terms of H ′ . By generalizing the ferromagnetic case [9] , we introduce the magnon Green function in the matrix form;
where each D ±± is the n sub × n sub matrix in terms of the sublattice indices α 1 and α 2 (D +− and D −+ are anomalous Green functions), T τ represents time-ordered product, q is a wave vector, and τ is an imaginary time. The matrix form of the Dyson equation forD q is given bŷ
whereD (0) q (iω n ) = (1/iω n )τ is the bare magnon Green function,Σ q (iω n ) is the magnon self-energy, ω n = 2πn/β is the bosonic Matsubara frequency (n is an integer and β is inverse temperature), and τ = 10 0 −1 (1 and0 are the n sub × n sub unit matrix and null matrix, respectively).
We expand the self-energyΣ q (iω n ) in terms of 1/S, in order to take account of the quantum fluctuation systematically. Up to the order of 1/S, the matrix elements of the self-energy are given as follows:
where µ is the chemical potential, f F is the Fermi distribution function, N unit is the number of unit cells in the system, e α corresponds to the internal position of the α-sublattice site within the magnetic unit cell; the sum over k is taken so that k + q + G is in the first Brillouin zone with a reciprocal vector G.
Here, s α |k, η is the Bloch wave function which satisfies the eigenvalue equation
with the unperturbed Hamiltonian H 0 (k) in the momentum representation, and
is the occupation number of itinerant electrons of the state characterized by the indices k, α, and s. The other matrix elements of the self-energy are obtained by the relations,
. Furthermore, the matrix elements satisfy the relations,
The magnon spectrum is obtained by making analytic continuation, iω n → ω + iδ, and tracing the poles of Green function, i.e., the zeros ofD −1 q (ω) = ωτ −Σ q (ω). At the lowest order of 1/S, the self-energy can be approximated by its static value at ω = 0, and the magnon spectrum is obtained from the eigenvalues ofτΣ q (0) [9] . Thus, the eigenvalue equation is written aŝ
whereλ q is the eigenvalue (matrix) of the magnon self-energy, andT q is the para-unitary matrix which satisfies the conditionT † qτTq =τ [19] . Note that the eigenvalue problem has the same structure as that for the Bogoliubov-de Gennes type Hamiltonian in bosonic systems.
The effect of zero-point oscillation to the length of ordered moment is also obtained by the spin wave formulation introduced above. From Eq. (4), the reduction of ordered moment is given by ∆S α = S − S z iα = a † iα a iα , which is calculated as
where δ(> 0) is an infinitesimal, sign(x) = 1(−1) for x > 0 (x < 0). In the last line of Eq. (12), we used the following equation,D
which is obtained from the Dyson equation in Eq. (7) by using Eq. (11).
Results
As a demonstration of the extended formulation of the spin wave theory, we here apply it to a typical noncollinear order, the three-sublattice 120 • Néel order on a triangular lattice. In the variational calculation for the ground state of the Kondo lattice model in Eq. (1), the 120 • Néel order is widely seen for all J H at half filling (see Ref. [15] ). Setting S iα = S(sin θ α cos φ α , sin θ α sin φ α , cos θ α ) with θ 1 = θ 2 = θ 3 = π/2, φ 1 = 0, φ 2 = 2π/3, and φ 3 = −2π/3, and the internal coordinates as e 1 = (0, 0), e 2 = (1, 0), and e 3 = (1/2, √ 3/2), we calculate the magnon dispersion in the 120 • Néel ordered state in the Kondo lattice model at half filling by the procedure introduced in Sec. 2. Figure 1 shows the results of the magnon excitation spectra. The magnon excitation has three gapless modes, which are Nambu-Goldstone modes coming from the breaking of SO(3) symmetry. As decreasing J H , the excitation spectrum changes gradually and shows softening at (or very nearby) the M" point for J H ≃ 2.9, as shown in Fig. 1(a) . This is a signature of the instability toward a different ordered state with a larger magnetic unit cell (possibly a 12-sublattice order). On the other hand, the magnon excitation does not show any softening for larger J H . As increasing J H , the form of the magnon excitation spectrum approaches that for the Heisenberg model with the effective antiferromagnetic nearest-neighbor exchange interactions ∼ t 2 /J H [see Fig. 1(c) ]. We note that, in the ferromagnetic case, similar asymptotic behavior was found, while the effective interaction is ferromagnetic and proportional to t [20] . We also calculate the effect of zero-point oscillation on the length of ordered moment in the 120 • Néel ordered state. In the current case, the ordered moments are uniformly reduced at all sublattices by ∆S ≡ ∆S α . Figure 2 shows the result for ∆S calculated by Eq. (12) . As shown in the figure, ∆S in the large J H limit approaches the value of moment reduction in the Heisenberg model, ∆S ≃ 0.261 [21] . This is consistent with the asymptotic behavior of the magnon spectrum observed in Fig. 1 . As decreasing J H , ∆S decreases monotonically, except for the enhancement near J H ≃ 2.9 as a precursor of the softening. (∆S does not diverge even right at the softening in the two-dimensional case.) The result indicates that the moment reduction by the quantum fluctuation through the spin-charge coupling becomes smaller compared to that in the spin-only model. A similar tendency is also seen for other orders, such as the collinear Néel order on a square lattice at half filling.
Summary
To summarize, we have provided the detailed formulation of the spin wave theory for general magnetic orders in the Kondo lattice model. We have applied this formulation within the linear spin wave approximation to the 120 • Néel order on a triangular lattice at half filling. As a result, we have found that the order is destabilized by the quantum fluctuation at J H ≃ 2.9. We have also shown that, in the large J H limit, the magnon dispersion and the moment reduction approach those in the antiferromagnetic Heisenberg model with the effective exchange interaction ∼ t 2 /J H . Our results indicate that the reduction of the ordered moment becomes smaller than that for the Heisenberg model, except in the region close to the softening.
Although we performed the spin wave analysis in the lowest order of 1/S expansions, higher-order quantum corrections may lead to qualitatively new effects [10, 11] . We are also interested in quantum fluctuation effects on the competition between the double-exchange ferromagnetism and other elements, such as the antiferromagnetic superexchange interaction, single ion anisotropy, and external magnetic field, which gives rise to some nontrivial magnetic orders even in the case of classical localized spins [22, 23] . These are left for future study.
